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ABSTRACT

Fine-tuning large language models (LLMs) has achieved significant success in
downstream tasks. However, as the model size continues to grow, traditional
fine-tuning methods have become increasingly impractical due to their high com-
putational and memory costs. This has motivated researchers to explore parameter-
efficient and memory-friendly fine-tuning strategies to enable scalable approaches,
with Low-Rank Adaptation (LoRA) standing out as a representative work. However,
the LoRA update is restricted to a low-rank subspace, which results in suboptimal
performance compared to the full-parameter update. Recent research has also
explored memory-efficient fine-tuning LLMs using just forward passes while suffer
from high variance in gradient estimation and low convergence speed. To address
the issues above, we propose a new alternating optimization framework called
LMAO (Low-rank and Memory-efficient Zeroth-Order Alternating Optimization),
which combines the advantages of LoRA and MeZO. This method alternately
updates the low-rank components and zeroth-order directions during training. By
performing three forward propagations and one backward propagation, each up-
date is full-rank, thereby reducing feature loss and enabling efficient fine-tuning
under strict memory constraints. We provide theoretical guarantees on the conver-
gence and convergence rate of this method. Empirical results demonstrate that,
in experiments on multiple models (e.g., OPT, RoBERTa-large), LMAO achieves
performance comparable to first-order methods. This presents a practical and
scalable solution for fine-tuning large-scale models. Our source code is available
at https://github.com/workelaina/LMAO,

1 INTRODUCTION

Large language models (LLMs) have achieved remarkable performance across a wide range of
domains (Solaiman et al., [2019; Brown et al., 2020; |Achiam et al., 2023). However, as LLMs
continue to scale, gradient computation can demand over 12x the memory required for inference
(Malladi et al., 2023)), posing significant challenges to model training and fine-tuning — particularly
exacerbating optimization difficulty in resource-constrained environments. This challenge has spurred
the development of memory-efficient alternatives, such as parameter-efficient fine-tuning (PEFT),
which aim to reduce resource requirements while preserving task-specific performance.
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Figure 1: Comparison of standard LoRA and LMAO: LoRA performs a single forward-backward pass,
while LMAO alternates it with two zeroth-order forward passes. Note: the forward and backward
passes update only the low-rank matrices B and A in LoRA, while the base weight matrix W is
updated solely through the forward pass.

PEFT methods allow the adaptation of LLMs to downstream tasks by tuning only a subset of
model parameters or by adding task-specific modules, such as adapters (Houlsby et al.| 2019), pre-
fix embeddings (L1 & Liang, 2021)), and prompt tuning (Lester et al., [2021), without altering the
base architecture. Studies further demonstrate that fine-tuning pretrained models can be effectively
conducted within reduced-dimensional parameter subspaces (Aghajanyan et al.|[2020). Low-Rank
Adaptation (LoRA), a prominent PEFT technique, leverages this insight by performing adaptations
within optimized low-dimensional parameter spaces. This strategy significantly enhances the effi-
ciency of adapting large-scale pretrained models, validating the theoretical foundations regarding
low-rank representations in neural networks (Hu et al., 2022;|Aghajanyan et al., 2020; Li et al., 2018]).
Despite the efficiency, LoRA still falls short of matching full-model fine-tuning performance due to
its limited representation power of fine-tuned language models (Hu et al., 2022).

Meanwhile, zeroth-order optimization offers an alternative approach to model adaptation, particularly
when gradient access is restricted. Zeroth-order optimizers approximate gradients through forward
passes alone, eliminating the need for backpropagation and further reducing memory requirements.
MeZO (Malladi et al.;2023), a Memory-efficient Zeroth-Order optimizer, established the feasibility
of fine-tuning large models using forward passes only, enabling gradient-free adaptation for various
downstream tasks. However, the inherent noise and high variance of zeroth-order gradient estimates
pose limitations on convergence speed and task performance.

In this paper, we propose a memory-efficient full-rank fine-tuning method, the Low-rank and Memory-
efficient Zeroth-order Alternating Optimization (LMAO) algorithm. LMAO combines LoRA and
MeZO to optimize model performance by alternately updating low-rank matrix components and
zeroth-order directions. Each iteration involves three forward passes and one backpropagation,
ensuring full-rank updates. This approach reduces feature loss and enhances model expressiveness
compared to traditional low-rank methods. LMAO also integrates the memory efficiency of both
PEFT methods, ensuring tight control over memory usage. It introduces a new alternating opti-
mization framework with theoretical convergence guarantees, making it a memory-efficient solution
for fine-tuning large models. The algorithm is well-suited for memory-constrained environments,
maintaining high performance while staying within memory limits, enabling efficient large-scale
model optimization.
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Figure 2: OPT-1.3B results under zero-shot, ICL, MeZO (Memory-efficient Zeroth-Order optimiza-
tion), LORA (Low-Rank Adaptation), and LMAO (ours). LMAO achieves superior performance on
most tasks. See TableElfor details.

2 RELATED WORK

Parameter-Efficient Fine-Tuning. Parameter-Efficient Fine-Tuning (PEFT) methods reduce the
computational and memory costs of fine-tuning large pre-trained language models (LLMs). PEFT
adapts LLMs to downstream tasks by adjusting a small subset of the model’s parameters while
keeping most weights fixed. This approach achieves task-specific improvements without the extensive
hardware required for full-model fine-tuning. Prompt tuning 2021)) optimizes continuous
prompt vectors appended to input embeddings, enabling task-specific conditioning. Prefix tuning
(Li & Liang], 2021) introduces trainable prefix tokens at each transformer layer for lightweight
conditioning. Adapters (Houlsby et al.,[2019) add small neural modules between transformer layers,
which are tuned independently. Low-Rank Adaptation (LoRA) reduces parameter
overhead by injecting low-rank matrices into attention and feedforward layers.

Zeroth-Order Fine-Tuning of LLMs. Zeroth-order (ZO) optimization methods enable gradient-free
fine-tuning, ideal for scenarios where gradient access is infeasible or computationally expensive.
MeZO (Malladi et all, 2023, a Memory-Efficient Zeroth-Order optimizer, shows that ZO fine-tuning
can achieve memory efficiency similar to model inference with forward-pass-only updates. MeZO
uses Simultaneous Perturbation Stochastic Approximation (SPSA) for gradient estima-
tion, allowing updates without backpropagation. However, MeZO faces challenges in convergence
speed due to high variance in ZO gradient estimates. Recent improvements to MeZO focus on sparsity
(Liu et al.},[2024; [2024)), variance reduction 2024), low-rank structures
et al.l [2024b} (Chen et al,2024)), and Hessian information (Zhao et al, 2024} [Yu et al.| [20244).

3 METHODOLOGY

3.1 PRELIMINARIES

LoRA. Low-Rank Adaptation of Large Language Models is a classical fine-tuning
method for large language models. By introducing trainable low-rank matrices, LoRA reduces the
number of trainable parameters to less than 0.1% of the full model, decreases GPU memory usage by
two-thirds, and introduces no additional inference latency. The study by |Aghajanyan et al.| (2020)
demonstrates that pretrained models possess an extremely low intrinsic dimensionality, indicating that
fine-tuning a small number of parameters in a low-dimensional subspace can achieve performance
comparable to full-parameter fine-tuning. The core idea is that the parameter update AW with respect
to the pretrained weight matrix Wy € R™*™ can be represented via a low-rank decomposition, i.e.,

Wo + AW = Wy + %BA, B eR™" AeR ™ andr < min(m,n).

MeZO. Although traditional ZO methods can estimate gradients using only two forward passes,
they suffer from the burden of additional memory consumption induced by random perturbations,
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Figure 3: Experiments on RoBERTa-large. We report results for zero-shot, linear probing (LP), MeZO
and its variants, our method LMAO, as well as full fine-tuning (FT), LoRA, and prefix-tuning. With
k = 16, LMAO significantly outperforms LP and MeZO variants. At £k = 512, LMAO continues to
achieve strong performance. Detailed results are shown in Tablem

which have the same shape as the model parameters. To address this limitation, Memory-efficient
Zeroth-Order optimizer (MeZO) (Malladi et al [2023) utilizes the random seed trick to generate
random perturbations sequentially on-the-fly, enabling in-place optimization without modifying the
model architecture and achieving memory usage equivalent to inference during fine-tuning. Moreover,
MeZO exhibits broad compatibility, supporting both full-parameter fine-tuning and parameter-efficient
techniques such as LoRA.

3.2 LOW-RANK AND MEMORY-EFFICIENT ZEROTH-ORDER ALTERNATING OPTIMIZATION

Although LoRA reduces trainable parameters by restricting updates to a low-dimensional subspace,
this constraint limits the representational capacity of fine-tuned models, often yielding suboptimal
performance compared to full-parameter updates 2022). In contrast, MeZO avoids gradient
computations but suffers from high-variance gradient estimates, leading to slower convergence
2024a)). To leverage the strengths of both, we propose the Low-rank and Memory-efficient
zeroth-order Alternating Optimization (LMAO) framework, which strategically alternates between
these complementary paradigms to enable efficient fine-tuning of LLMs under limited resources
while maintaining strong performance.

Each LMAQO training iteration consists of two phases: 1) Low-rank adaptation: Low-rank matrices A
and B are updated using standard gradient-based optimizers (e.g., AdamW (Loshchilov & Hutter,
[2017), SGD), involving a forward pass and a backward propagation to compute exact gradients for
the low-rank modules. 2) Zeroth-order optimization: Following the low-rank update, a memory-
efficient zeroth-order step adjusts the base model parameters W using two perturbed forward passes
to estimate gradients with respect to the global weights.

The full LMAO procedure is summarized in Algorithm[I] Each iteration performs three forward
passes—one for the LoRA update and two perturbed passes for zeroth-order gradient estimation—and
a single backward pass for LoRA gradients. This design ensures that global weight updates remain full-
rank, substantially mitigating the feature loss inherent to purely low-rank or zeroth-order methods.

4 THEORY

In this paper, we consider the following optimization problem:

V[I/TIAI,IB L(W; A, B), (1)

where W € R™*"™ represents the model parameters, A € R"™*", B € R™*" are low-rank matrices,
and L denotes the loss function.
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Algorithm 1 LMAO (Low-rank and Memory-efficient Zeroth-Order Alternating Optimization)

Input: Model Weight Parameters W, loss £, step budget T, perturbation scale ¢, batch size B,
learning rate scheduler {7 }.

1: fort=1,---,T do

2: Sample batch B C D and random seed s

3 [A, B] = LoRA _Update(W, A, B) > Forward pass and backpropagation
4 W < PerturbParameters(W, e, s)

5: LT+ LW, A, B;B) > Forward pass w/ positive perturbation
6: W < PerturbParameters(W, —2¢, s)

7 L™+ LW, A, B;B) > Forward pass w/ negative perturbation
8: W < PerturbParameters(W, e, s)

9:  projected_grad < (LT — L7)/(2¢)
10: Reset random number generator with seed s
11: for W; € W do
12: z~N(0,1)
13: W, <~ W; — ny- projected_grad -z

14: end for
15: end for

16: function LoRA _Update(W, A, B)

17: [A,B] = [A, B] =V apL(W, A, B; B)
18: return [A, B]

19: end function

20: function PerturbParameters(W, ¢, s)

21: Reset random number generator with seed s
22: for W; € W do

23: 2z ~N(0,1)

24: W, + W, + ez

25: end for

26: return W
27: end function

We briefly introduce the theoretical foundations of the LoRA and MeZO components of our algorithm
[1] followed by a theoretical analysis of their alternating optimization.

Firstly, we analyze the theoretical aspects based on the following assumptions.

Assumption 4.1 (Lipschitz smoothness). Let L(W; A, B) be a differentiable function, there exist

constants Ly and L g 4 such that for any W1, Wo € R™*" and B1 A1, Bo Ay € R™*™ the following
condition holds:
1. ||Vwﬁ(W1,A,B) — VW£<W2,A,B)|| < LW”WI — W2 ,
2. IVBaL(W; Ay, By) — VpaLl(W; A, Bo)|| < Lpal|[B1, A1] — [B2, A2]
3. ||VW£(W, Al, Bl) — Vw,c(W, AQ, BQ)”%\ < Lqua”BlAl — BQAQH%

Assumption 4.2 (Expected smoothness (Khaled & Richtarik, [2020; Malinovsky et al., 2024)).
The second moment of the stochastic gradient satisfies

E[IVL(W; A, B)||7] < 2a(L(W; A, B) — L) + B||[VL(W; A, B)|1%
for some o, § = 0and all W € R™ ™, B € R™*" and A € R"™*",

’

Part of LoORA. We begin by discussing the LoORA component. The update procedure is as follows:
[Bt+17At+1] = [BhAt] —nBaVBaL(Wy; Ay, By), 2)
where 7) is the learning rate, and V g4 L(W;; Ay, By) represents the gradient as expressed below:
VeaAL(Wy; Aty By) = [VL(Wy; Ay, By), VAL(Wy; Ay, By)] .

First, under Algorithm[I]and based on Assumption[d.1] we present the descent lemma for LMAO as
follows.
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Lemma 4.3 (Descent lemma). Let L be a function satisfying Assumption Under the condition
1 < 1/Lyax, where Lyax = max(Lpa, Ly, Lgyuqa). Then we have

LWit15 Argr, Beyr) < L(We; Ay, Br)
— J(IIV2atWes A B[ + [ Vw £Wes Avsr, B |[7,)-

Part of MeZO. The MeZO method is an efficient memory optimization approach that combines
zeroth-order methods. Given a labeled dataset D and a mini-batch M of size | M|, we introduce the
classic zeroth-order gradient as follows.
Definition 4.4 (Zeroth Gradient). Given a model with parameters W € R™*™ and loss function L,
SPSA approximates the gradient on a minibatch M as

- LW ; A, B; — LW —ez; A, B;

VwL(W; A, B;M) = W +ez 4, BiM) — £ e A BM),

2e 3)
~ 22TV L(W; A, B; M),

where z € R™*", 2 ~ N(0, L, xn) and € — 07 is the perturbation scale.

The update procedure of MeZO is as follows:
Wipr = Wi — nw Vi L(Wi; Aygr, Bipas M). @)
Definition 4.5. The SGD gradient estimate on a minibatch of size M has covariance %, as
M

|M|(E [VL(W; A, B; M)VTL(W; A, B; M)] — Vﬁ(W;A,B)VTE(W;A,B)).

@WC(W; A, B; M) be a statistic, we need to examine the unbiasedness of its corresponding estima-
tor, which leads to the following lemmas.

Lemma 4.6 (Unbiasedness). Based on Definition[d.4} for a mini-batch M, we have
E.no.n [VwL(W; A, B; M)] = Vi L(W; A, B).
Lemma 4.7 (Biased Estimate). Based on Definition the gradient norm of MeZO is

A mn+ N —1 -
Eenon [I9w£0V; 4, B M)3) = R | Vw (W 4, B3],

where m,n is the size of parameters and N is the number of z sampled in SPSA (Definition d.4).

Alternating Optimization. In Algorithm[I] we optimize by alternately applying LoRA and MeZO
methods. To analyze the convergence, we require the following lemma:

Lemma 4.8. Let L(W; A, B) be the L-smoothness function, we have

L 2
V0V As Bl <2 (14 724 ) (IVmalVis i Bl + Vw0V Avir, Besn) ).

max

Under Assumptions[4.Tand Assumption .2} the convergence of Algorithm(I]is guaranteed by the
following Theorem:

Theorem 4.9. The iterates of Algorithm[I|with SGD satisfy
Lpa

6(1+ )?(L(Wo; Ao, Bo) — L)

. 2 Linax
Ogﬁl’?ilE |:HV£(Wt, At+1, Bt+1) HF:| <

Y

Nmax T’
where the stepsize Nmax := max(npa, nw) satisfy

N 1000N
100082 Ly (mn + N —1)" NB1Lpa + 2as Ly (mn+ N — 1)’

nmax g mln (

4 N
Lpa’ \/T(Na1LBA + OéQLw(mTL + N — 1))>

Tmin 2 1 ]
e 1000

and is set according to the experimental configuration as specified in expression
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Building on the finite series construction technique introduced in (Malinovsky et al., [2024) for the
theoretical analysis of LoRA, we incorporate SGD-based zeroth-order optimization and tangential
scaling inequalities in an alternating scheme (Lu et al.,2019). This leads to an adaptive convergence
analysis, with detailed proofs provided in the appendix.

5 EXPERIMENTS

In this section, we present comprehensive experiments on multiple fine-tuning tasks across models
with different parameter scales, aiming to rigorously evaluate the performance of LMAO. The
experimental setup is detailed as follows:

Models. The experiments are evaluated across multiple language models, including the medium-sized
RoBERTa-large(Liu et al., 2019) and the large autoregressive Open Pre-trained Transformers (OPT)
series(Zhang et al., 2022), comprising OPT-1.3B, OPT-2.7B, and OPT-6.7B.

Datasets. We conduct experiments across multiple fine-tuning tasks in GLUE (Wang et al., |2018)),
SuperGLUE (Wang et al., [2019) benchmark and other datasets. For RoBERTa-large, we conduct
experiments on SST-2 (Socher et al.,2013), SST-5 (Socher et al.,|2013)), SNLI (Bowman et al.| 2015)),
MNLI (Williams et al.,|2017), RTE (Dagan et al.,2005; Haim et al.l 2006; |Giampiccolo et al., 2007}
Bentivogli et al., 2009), and TREC (Voorhees & Tice, [2000). For OPT-1.3B, we conduct experiments
on SST-2 (Socher et al., 2013), CB (De Marneffe et al., [2019), BoolQ (Clark et al., 2019), WSC
(Levesque et al.|, 2012), WIC (Pilehvar & Camacho-Collados}|[2018])), MultiRC (Khashabi et al., 2018)),
COPA (Roemmele et al.,2011), and ReCoRD (Zhang et al., [2018)).

Baselines. The baselines compared in our experiments contain both gradient-free-based and gradient-
based methods, including: 1) Zero-shot, 2) In-context learning, 3) Memory-efficient zeroth-order
optimizer (MeZO), 4) Low-rank adaptation (LoRA), and 5) Fine-tuning (Full-parameter). The
available code for the baselines is from https://github.com/princeton-nlp/MeZO.

5.1 MEDIUM-SIZED MASKED LANGUAGE MODELS

We first conduct experiments using the masked language model RoBERTa-large. We compare the
performance of the LMAO with other methods on sentiment analysis, natural language inference, and
topic classification tasks. We adopt the classic approaches from previous studies, including few-shot
and many-shot settings. For k = 16 and k = 512, we sample & cases per class. A uniform fine-tuning
of 1K steps is applied. The results are summarized in Table|l{and Figure

LMAUO significantly outperforms Zero-shot, LP, MeZO, and its variants. Across all six tasks,
LMAQO consistently optimizes the pre-trained model and outperforms Zero-shot, LP, MeZO, and
its various extensions. On several tasks, it even surpasses full fine-tuning (FT), with the remaining
performance gaps within 0.5%.

LMAO approaches the performance of full fine-tuning (FT) as the number of samples increases,
with at most a 2% gap. For k£ = 16, LMAO consistently outperforms LoRA across all six tasks, and
in most cases even surpasses FT. When increasing k, the performance gap between LMAO and FT
narrows further, with some tasks showing less than a 1% difference.

5.2 LARGE-SCALE AUTOREGRESSIVE LANGUAGE MODELS

After achieving promising results with RoOBERTa-large, we extend the LMAO approach to the OPT
series models, including three scales with 1.3B, 2.7B, and 6.7B parameters. To systematically
evaluate the performance of LMAO, we select several tasks from the SuperGLUE (Wang et al.|
2019) benchmark, encompassing text classification, multiple-choice, and generation tasks. In the
experiments, we compare LMAO with several state-of-the-art methods, including LoRA, MeZO,
ICL (In-context Learning), and Zero-shot learning. To assess the performance differences under
identical training conditions, all experiments are conducted with consistent settings, with each model
fine-tuned for 1K iterations. This setup allows for a more accurate reflection of the strengths and
weaknesses of each method. The results for OPT-1.3B are summarized in Table 2]and Figure 2} while
additional results for larger models are provided in Appendix [A]


https://github.com/princeton-nlp/MeZO

Published as a conference paper at ICLR 2026

Table 1: Experiments on RoBERTa-large (350M parameters). LP: Linear probing; ZO, ZO (LoRA),
and ZO (prefix): memory-efficient ZO-SGD with full-parameter tuning, LoRA, and prefix-tuning
respectively; FT: fine-tuning with Adam. All reported numbers are averaged accuracy (standard
deviation). Bold numbers indicate the best performance on each task, while underlined numbers
denote the second-best.

Task SST-2 SST-5 SNLI MNLI RTE TREC

Type — sentiment — — natural language inference — — topic —

Zero-shot 79.0 355 50.2 48.8 514 32.0
Gradient-free methods: k = 16

LP 76.0 (2.8) 403(1.9) 66.0(2.7) 56.5(2.5) 59.4 (5.3) 51.3(5.5)

MeZO 90.5(1.2) 455(2.0) 685(39) 58.7(25) 64.0 (3.3) 76.9 (2.7)

MeZO (LoRA) 91.4(09) 43.0(1.6) 69.7(6.0) 64.0(2.5) 64.9 (3.6) 73.1(6.5)
MeZO (prefix) 90.8 (1.7) 45.8(2.0) 71.6(2.5) 63.4(1.8) 65.4 (3.9) 80.8 (3.6)
MeZO-Adam 90.4(1.4) 4545 74127 6430.8)7 592L.DT 783(1.4)

Gradient-based methods: k = 16

FT 919(1.8) 47519 7752.6) 70.0(2.3) 66.4 (7.2) 85.0 (2.5)

FT (LoRA) 914 (1.7) 46.77(1.1) 749@3) 67714 66.1 (3.5) 82.7 (4.1)

FT (prefix) 91.9(1.0) 47.7(1.1) 772(1.3) 66.5(2.5) 66.6 (2.0) 85.7 (1.3)
ours: k = 16

LMAO (ours) 92.8(1.2) 484(223) 77917 69.7(2.8) 67.3 (4.9) 87.0 (3.4)
Gradient-free methods: k£ = 512

LP 91.3(0.5) 51.7(0.5 80.9(1.0) 715(1.1)  73.1(1.5)  89.4(0.5)
MeZO 93.3(0.7) 532(14) 83.0(1.0) 783(0.5)  78.6(2.0) 94.3(1.3)
MeZO (LoRA) 93.4(0.4) 52.4(0.8) 84.0(0.8) 77.9(0.6) 77.6(1.3)  95.0(0.7)
MeZO (prefix)  93.3(0.1) 53.6(0.5) 84.8(1.1) 79.8(12)  77.2(0.8)  94.4(0.7)
MeZO-Adam  93.3(0.6) 53.9(0.8) 853(0.8) 79.6(04)  79.2(1.2)  95.1(0.3)

Gradient-based methods: k£ = 512

FT 93.9(0.7) 559(09) 88.7(0.8) 84.4(0.8) 82.7 (1.4) 97.3(0.2)

FT (LoRA) 94.2 (0.2) 553(0.7) 88.3(0.5 83.9(0.6) 83.2(1.3) 97.0 (0.3)

FT (prefix) 93.7(0.3) 54.6(0.7) 88.3(0.7) 83.3(0.5 82.5(0.8) 97.4 (0.2)
ours: k = 512

LMAO (ours) 93.7(0.5) 56.1(1.8) 879(0.7) 84.3(0.9) 83.4 (1.5) 97.3(0.3)

Table 2: Experiments on OPT-1.3B (with 1000 examples). ICL: in-context learning; LP: linear
probing; LoRA: Low-Rank Adaptation; LMAO: Low-rank and Memory-efficient Zeroth-Order
Alternating Optimization. LMAO achieves the best performance on 8 out of 9 tasks and ranks second
only to LoRA on RTE, with a marginal difference. Bold numbers indicate the best performance on
each task, while underlined numbers denote the second-best.

Tasks
Method
SST-2 RTE CB BoolQ WSC WIC MultiRC COPA ReCoRD
classification — multiple choice —

Zero-shot 53.6 53.1 393 465 433 575 447 75.0 71.3
ICL 744 529 536 542 545 518 454 70.3 70.5
MeZO 58.1 532 464 556 49.0 579 49.0 74.0 71.4
LoRA 922 611 679 614 532 584 56.3 74.7 72.0
LMAO (ours) 924 594 69.0 62.0 548 589 56.7 76.7 72.1
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LMAO combines efficiency with strong generalization capabilities. On the OPT-1.3B model,
it achieves superior performance across a range of SuperGLUE tasks, consistently outperform-
ing mainstream fine-tuning and zero-shot approaches, positioning it as a competitive alternative
framework.

LMAUO (ours) achieves the best performance on the majority of tasks. LMAO ranks first on 7 out
of 9 benchmarks, including substantial gains on SST-2, CB, BoolQ, COPA, and ReCoRD. On the
remaining two tasks, its performance is competitive, highlighting the robustness and consistency of
the approach.

LMAQ also serves as a strong PEFT approach. While LoRA is a widely adopted PEFT baseline
with competitive performance, LMAO consistently outperforms it on 8 out of 9 tasks, establishing
itself as a high-performing and promising PEFT paradigm.

LMAO effectively combines the advantages of zeroth-order optimization and low-rank adap-
tation. Compared to zero-shot, ICL, and the zeroth-order method MeZO, LMAO demonstrates
consistently superior performance. While MeZO generally outperforms Zero-shot and ICL, it still
lags behind LM AO—for instance, MeZO achieves comparable results on WiC (57.9% vs. 58.9%)
and ReCoRD (71.4% vs. 72.1%), but exhibits notable gaps on other tasks.

5.3 ABLATION STUDY

We conduct comprehensive ablation
studies to systematically assess the
effectiveness of our method. All ex-
periments are performed on multiple
benchmark tasks using the OPT-1.3B
model. The ablation analysis exam-
ines several key components, includ-
ing:

OPT-1.3B: Accuracy and Memory (per task)
T T T T

100 T

Accuracy (%)

* LMAO w/o LoRA: Freez-
ing the low-rank LoRA
blocks optimized by LMAO,

MUtRC  ReCoRD cB BoolQ ssT2 Copa and updating only the zero-

Tasks LI
[EELMAO EELMAO w/o LoRA EILMAO w/o MeZO —&—Memory (per task)] order Optlleer Components'
* LMAO w/o MeZO: Freez-

Figure 4: Ablation study results. ing the zero-order optimizer
components optimized by

LMAO, and updating only
the low-rank LoRA blocks.

Figure [ presents the ablation results across several representative tasks. As shown, the full LMAO
method consistently achieves substantially higher accuracy than its individual components, namely
the low-rank LoRA module and the zeroth-order MeZO module. This indicates that the integration of
these two update mechanisms enables LMAO to more effectively capture task-relevant information
and enhances the model’s adaptation capability. The performance gains are observed across all
evaluated datasets, further validating the effectiveness and robustness of the alternating optimization
strategy adopted in LMAO.

Notably, despite combining two distinct update paradigms within a unified optimization framework,
LMAQO does not incur higher peak memory consumption compared to using LoRA or MeZO alone.
This indicates that the integration of low-rank adaptation and zeroth-order updates is designed without
introducing redundant intermediate states or additional backward-pass overhead. Consequently,
LMAO achieves improved performance without adding memory overhead, maintaining a memory
footprint comparable to its component methods. Overall, these findings highlight that LMAO
delivers superior task performance while preserving computational efficiency and resource usage,
underscoring its practical value in memory-constrained training scenarios.

5.4 PARAMETER SENSITIVITY ANALYSIS
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In our method, r and « are two key hy-
perparameters: r determines the rank of

the trainable low-rank matrices, while « 109 100
scales the contribution of the adapter’s out- 7 %g 2
put during fine-tuning. To comprehensively 249 20
analyze the sensitivity of parameters w.r.t. 2% 60
r and «, we evaluate the RoOBERTa-large g %% ig

model on the SST-2 dataset with varying
values of r and «. The results are provided
in Figure [5] We can see that our method
is not sensitive to the settings of r and «. Sl
Therefore, in practical applications, we can
prioritize smaller values of r to ensure fine-
tuning of the model with as few parameters
as possible.

Figure 5: Parameter sensitivity w.r.t. hyperparameters r
and o in LMAO.

5.5 MEMORY UTILIZATION ANALYSIS

To examine the memory footprint of LMAO, we measure the peak GPU memory consump-
tion on a subset of datasets (CB, SST-2, BoolQ, and COPA) and compare it against two rep-
resentative baselines: the low-rank adaptation method LoRA and the zeroth-order optimiza-
tion method MeZO. To ensure a fair comparison, all methods are evaluated under identi-
cal training configurations and hardware settings. The statistics are summarized in Table [3]

As shown in Table [3] the peak memory

Table 3: Peak GPU Memory (GB) Usage on OPT- consumption of LMAO never exceeds that
1.3B (1000 Examples). LoRA: Low-Rank Adapta- ©f LORA or MeZO, despite integrating both
tion; MeZO: Memory-Efficient Zeroth-Order Opti- low-rank updates and zeroth-order opti-
mizer; LMAO: Low-rank and Memory-efficient Zeroth- Mmization mechanisms. This indicates that

Order Alternating Optimization. LMAO does not introduce additional mem-
ory burden during training and maintains

Method SST-2 CB BoolQ COPA  amemory footprint comparable to its com-
MeZO 700 1099 875 770 ponent methods. Such efficiency is par-
LoRA 1262 6505 38.48 831 ticularly important in resource-constrained

LMAO (ours) 12.62 6505 23.08 331 settings, demonstrating that LMAO can be
i i i i deployed without increasing hardware re-

quirements.

More importantly, LMAO exhibits substantial performance gains across a variety of tasks, consistently
outperforming both LoRA and MeZO on classification and multiple-choice benchmarks. These
results suggest that LMAO effectively leverages the complementary strengths of the two update
strategies, enhancing the model’s learning capability and adaptability while preserving computational
efficiency. Overall, the findings strongly support the design philosophy of LMAO, showing that it
delivers notable performance improvements while remaining memory-efficient.

6 CONCLUSION

We introduce LMAO, a memory-efficient fine-tuning method for large language models that leverages
full-rank updates. Unlike traditional low-rank adaptation (e.g., LoRA) and zeroth-order optimization
(e.g., MeZO) techniques, which face inherent limitations, LMAQO combines the strengths of both
approaches by alternating low-rank matrix updates and zeroth-order forward-pass updates. This
hybrid design significantly enhances model performance while effectively maintaining strict memory
consumption, making it particularly suitable for large language models under resource constraints.
Our theoretical analysis establishes rigorous convergence guarantees, ensuring the robustness and
reliability of the method. Empirical experiments conducted on widely-used models such as RoOBERTa-
large and OPT demonstrate that LMAO delivers competitive performance compared to existing
baseline methods. A remaining challenge lies in its training inefficiency on large datasets or long
sequences. We propose that this issue could be addressed through optimization techniques such as
component training, which remains an important avenue for future research and development.
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APPENDIX

A EXPERIMENT SETUP

A.1 DATASETS

For the RoBERTa-large experiments, we consider a set of standard classification benchmarks, includ-
ing SST-2 (Socher et al.| 2013)), SST-5 (Socher et al.l [2013), MNLI (Williams et al., 2017)), SNLI
(Bowman et al., 2015), and RTE (Dagan et al., [2005; |Haim et al., 2006; |(Giampiccolo et al., 2007
Bentivogli et al.,2009)). To enable efficient evaluation, we follow the setting in (Malladi et al.| [2023)
and limit the test set to 1000 examples. For training and validation, we adopt two configurations with
k =16 and k£ = 512, where k denotes the number of examples per class for each split.

For the OPT experiments, we evaluate on the SuperGLUE benchmark suite (Wang et al.,2019), which
comprises BoolQ (Clark et al.| 2019), CB (De Marnefte et al.,2019), COPA (Roemmele et al., 2011),
MultiRC (Khashabi et al.,[2018), ReCoRD (Zhang et al., 2018)), RTE (Dagan et al.,|2005; Haim et al.,
2006}, (Giampiccolo et al.,2007; Bentivogli et al.,[2009), WIC (Pilehvar & Camacho-Collados| [2018)),
and WSC (Levesque et al.,2012). In addition, we include SST-2 (Socher et al., [2013)). For all tasks,
we randomly sample 1000 examples for training, 500 for validation, and 1000 for testing.

A.2 PROMPTS

LMAO adopts the same zeroth-order technique as (Malladi et al., [2023)), and therefore we follow
their setup for the downstream tasks and prompt templates used to fine-tune RoBERTa-large. The
specific templates are provided in Table ]

Table 4: The prompts used in our RoOBERTa-large experiments (see Table and Figure follow the
setup in (Malladi et al., |2023)), including a template and a set of label words that fill the [MASK]
token. The symbols < S; > and < S2 > denote the first and second input sentences, respectively.

Datasets C Type Prompt Label words
SST-2 2 sentiments cls. < S1 > It was [MASK]. {great, terrible}
SST-5 5 sentiments cls. < 81 > It was [MASK]. {great, good, okay, bad, terrible}
TREC 6 topic cls. [MASK]: < 51 >. {Description, Expression,

Entity, Human, Location, Number }

MNLI 3 NLI < S1 >?[MASK], < Sy > {Yes, Maybe, No}
SNLI 3 NLI < S1 >? [MASK], < S > {Yes, Maybe, No}
RTE 2 NLI < S1 >? [MASK], < Sy > {Yes, No}

Table [5] presents the prompt templates used in our OPT experiments. Specifically, the OPT setup
includes two types of tasks: classification and multiple-choice. All prompts follow the setup in
(Socher et al., [2013)).

A.3 HYPERPARAMETERS

For experiments with the RoOBERTa-large model, we follow the prompt-based fine-tuning paradigm
for masked language models as described in (Socher et al.,[2013). In OPT experiments, we adopt
a similar training strategy to (Socher et al., 2013)) for classification tasks, where we extract logits
corresponding to the label words and apply cross-entropy loss. For multiple-choice and generative
tasks (e.g., QA), we retain only the correct candidate and use teacher forcing on the correct examples.
Loss is computed solely on the tokens in the candidate portion, excluding the prompt.

The specific hyperparameter settings for RoBERTa-large and OPT are provided in Table [] and Table
respectively.
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Table 5: We use prompt templates in our OPT model experiments, covering classification (cls.) and
multiple-choice (mch.) tasks. Templates follow (Malladi et al.} 2023). For multiple-choice, we score
candidates by average log-likelihood and select the highest. For QA, we apply greedy decoding.

Dataset Type Prompt

SST-2 cls. <text >It was terrible/great
RTE cls. <preamise >
Does this mean that ‘<hypothesis>’is true? Yes or No?
Yes/No/Maybe
CB cls. Suppose <premise>Can we infer that ‘<hypothesis>’? Yes, No, or Maybe?
Yes/No/Maybe
BoolQ cls. <passage><question>
Yes/No
WSC cls. <text>

Does the word ‘<word>"have the same meaning in
these two sentences? Yes, No?
Yes/No
WIC cls. Does the word ‘<word>"have the same meaning in
these two sentences? Yes, No?
<sentl>
<sent2>
Yes/No
MultiRC  cls. <paragraph>
Question: <question>
I found this answer ‘<answer>’. Is that correct? Yes or No?
Yes/No
COPA mch.  <premise>so/because <candidate>
ReCoAD mch. <passage>
<query>.replace(‘ @placeholder’, <candidate>)

Table 6: Main hyperparameter settings for all tasks (SST-2, RTE, CB, BoolQ, WSC, WIC, MultiRC,
COPA, ReCoRD) under the RoBERTa-large model.

Method Batchsize  Learning rate g 4 Learning rate ny Scaling factor « Rank »  Perturbation scale €
LMAO 64 3e-4 le-7 24 8 le-3

LoRA {4,8,16} {le-4, 3e-4, 5e-4} / 16 8 /

FT (LoRA) {4,8,16} {le-4, 3e-4, 5e-4} / 16 8 /

MeZO 64 / {le-7, le-6, le-5} / / le-3
Zero-shot 64 / / / / /

B MORE EXPERIMENT RESULTS

B.1 PERFORMANCE ON LARGER MODELS

We scale up to the OPT-2.7B and OPT-6.7B model to evaluate LMAO and compare it with several
state-of-the-art methods, including LoRA, MeZO, ICL (in-context learning), and zero-shot learning.

All methods are trained with 1000 iterations under consistent settings. The detailed results are shown
in Table [§]and Table

Results show that LMAO performs strongly on OPT-2.7B, achieving superior results on six tasks
(CB, BoolQ, WIC, MultiRC, COPA, ReCoRD). We further scale the model to OPT-6.7B and evaluate
algorithm performance against MeZO and LoRA on a subset of tasks. The results show that LMAO
continues to perform excellently on OPT-6.7B, achieving the best performance on four out of six
tasks (CB, BoolQ, WIC, MultiRC, COPA, ReCoRD). Combined with the results on OPT-2.7B, this
demonstrates LMAQO’s robustness and cross-task generalization, validating its effectiveness and
adaptability on larger models. Thus, LMAO proves to be an efficient and memory-friendly fine-tuning
approach for large language models.
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Table 7: Hyperparameter settings for all datasets and corresponding methods under the OPT-1.3B
model.

Method Hyperparameters Tasks
yperp SST-2 RTE CB BoolQ WSC WIC MultiRC COPA ReCoRD
Batch size 8 8 8 2 8 8 2 8 2
Learning rate ng A le-5 le-5 le-5 le-5 le-5 le-5 le-5 le-5 le-5
LMAO Learning rate ny le-6 le-6 le-6 le-6 le-6 le-6 le-6 le-6 le-6
Scaling factor o 16 16 16 16 16 16 16 16 16
rank r 8 8 8 8 8 8 8 8 8
Perturbation scale € le-3 le-3 le-3 le-3 le-3 le-3 le-3 le-3 le-3
Batch size 8 8 8 2 8 8 2 8 2
LoRA Learning rate n le-5 le-5 le-5 le-5 le-5 le-5 le-5 le-5 le-5
© Scaling factor av 16 16 16 16 16 16 16 16 16
rank 7 8 8 8 8 8 8 8 8 8
Batch size 8 8 8 2 8 8 2 8 2
MeZO Learning rate n le-7 le-7 le-7 le-7 le-7 le-7 le-7 le-7 le-7
Perturbation scale € le-3 le-3 le-3 le-3 le-3 le-3 le-3 le-3 le-3
ICL Batch size 32 32 32 32 32 32 32 32 32
Zero-shot Batch size 64 64 64 64 64 64 64 64 64
Batch size 16 / 16 16 / / / 16 /
LOZO rank r 8 / 8 8 / / / 8 /
Learning rate le-5 / le-5 le-5 / / / le-5 /
SubZero Batch size 16 / 16 16 / / / 16 /
Learning rate le-5 / le-5 le-5 / / / le-5 /
Batch size 16 / 16 16 / / / 16 /
DoRA rank r 8 / 8 8 / / / 8 /
Learning rate le-5 / le-5 le-5 / / / le-5 /
Batch size 16 / 16 16 / / / 16 /
AdaLoRA  rankr 8 / 8 8 / / / 8 /
Learning rate le-5 / le-5 le-5 / / / le-5 /

Table 8: Results on OPT-2.7B (with 1,000 examples). ICL: in-context learning; MeZO: Memory-
efficient Zeroth-Order optimizer; LoRA: Low-Rank Adaptation; LMAO: Low-rank and Memory-
efficient zeroth-order Alternating Optimization. LMAO achieves the best performance across all six
tasks. Bold values denote the best result per task.

Method Tasks
CB BoolQ WIC MultiRC COPA ReCoRD

classification ————— — multiple choice —
Zero-shot 50.0 50.9 52.5 43.2 71.0 75.0
ICL 55.4 56.9 51.6 524 77.0 74.0
MeZO 56.5 59.5 524 48.2 73.0 74.9
LoRA 66.1 68.3 55.5 56.4 83.3 75.2
LMAO (ours) 68.5 68.5 57.3 57.5 85.3 75.3

This demonstrates LMAQ’s robustness and cross-task generalization, validating its effectiveness and

adaptability on larger models. LMAO thus serves as an efficient and memory-friendly fine-tuning
approach for large language models.

B.2 COMPARISON WITH MORE METHODS
To enable a more rigorous comparison with recent parameter-efficient fine-tuning (PEFT) approaches,

we augment our evaluation with additional zeroth-order and LoRA variants. The experimental results
are summarized in Table @ Based on Table 10, LMAO attains the best overall performance across
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Table 9: Results on OPT-6.7B (with 1,000 examples). MeZO: Memory-efficient Zeroth-Order
optimizer; LoRA: Low-Rank Adaptation; LMAO: Low-rank and Memory-efficient zeroth-order
Alternating Optimization. LMAO leads on seven of nine tasks. Bold values denote the best result per
task.

Method Tasks
CB BoolQ WIC MultiRC COPA ReCoRD
classification ————— — multiple choice —
MeZO 50.0 442 52.7 49.9 80.3 78.1
LoRA 643 494 529 57.0 81.0 79.7
LMAO (ours) 66.1  65.1 50.0 57.2 81.3 77.6

Table 10: LMAO vs. PEFT baselines on OPT-1.3B (1000 examples). LOZO: Low-rank Zeroth-
Order Stochastic Gradient Descent; SubZero: Random Subspace Zeroth-Order Optimization; DoRA:
Dynamic Low-Rank Adaptation; AdalLLoRA: Adaptive Budget Allocation for Parameter-Efficient
Fine-Tuning; LMAO: Low-rank and Memory-efficient Zeroth-Order Alternating Optimization.

Method SST-2 CB BoolQ COPA
LOZO 86.0 72.0 624 69.0
SubZero 63.6 43.0 658 76.0
AdaLoRA 87.8 714 557 76.0
DoRA 873 694 60.6 75.0

LMAO (ours) 924 89.0 620 767

the four benchmark tasks. Except for isolated cases, it outperforms competing methods; even when a
baseline holds a single-task advantage, LMAQO’s aggregate superiority remains evident, indicating
stronger overall effectiveness and robustness.

C CONVERGENCE ANALYSIS

C.1 SYMBOL SPECIFICATION

The notation used in the derivation of the proofs is summarized in Table[T1]

C.2 PROOF OF LEMMA [£.3]

Proof. Using the total differential formula, we have

VLW Avr, Big1) = [VBAL(Wys Agg1, Bey1), Vw LWy Aggr, Big)) -

17
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Table 11: Table of notations.

Variable Definition

L The loss function.

L* The theoretical optimum of the objective function.

A Low-rank matrix in R"*".

B Low-rank matrix in R"*".

w The weight parameter matrix of a pre-trained model.

NBA The learning rate of the low-rank module in Algorithm

nw The learning rate of the zeroth-order module in Algorit] m
Lpa,Lw,Lq.. The Lipschitz constant.

M A minibatch sample in SPSA-based sampling.

|M| The number of samples M in a minibatch.

VL The update gradient from algorithmic sampling.

m,n The dimensionality of the pre-trained model’s parameter matrix.
N The number of samples drawn in SPSA.

a, B The smoothness constant in the expected smoothness assumption.
Sym(+) The symmetrization function for tensors.

® Tensor product.

Under Assumption we have (descent lemma)

C(Wtﬂ; At+17 Bt+1)
< L(Wi; Ay, By) + VEaL(Wi; Ay, By)([Bi1, Aey1] — (B, Ad))
Lpa
2
L
+ 7WHWt+1 - WtHi—-

+ H[Bt—H; Apya] — [Bt,At]Hj; + VJI;/L(WM Aty1, Bep1) (Wepr — Wh)

(a)
< LWy Ay, By) — npa(||[VBaL(Wy; Ay, Bt)Hi: + || Vw L(W; Arga, Bt+1)||i—\)

2. L 2L
+ MTBAHVBA‘C(Wt;Atht)H? + nBAQ W ||VWL:(Wt;At+1)Bt+1)||i‘

(b)
< L(Wy; Ay, By) — 773%(HVBAE(Wt;At7Bt)||? + HVWE(Wt;At—&-laBt-i-l)Hi;)y

where (a) is true because of the update rule of gradient descent in each block and Assumption in
(b) we used pa < 1/Lax and Ly := max(Lpa, Ly).

C.3 PROOF OF LEMMA [4.6]

Proof. Using the equation equation [3| we note that

E.ono.0) [VwLW; A, B;M)| = E.no,1) 22" Vw L(W; A, B; M)]
=VwL(W;A,B; M)E. n,1 [zzT]
=VwL(W; A, By M)E. no,n]
= VwL(W;A,B; M).

18
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C.4 PROOF OF LEMMA 4.7

Proof. We simplify the notation Vy, £L(Wy; Ay, By M|(5,y5)) as Vi LWy |((zi,y:)), then we
rewrite the expression as follows:

E.no.n [V £(Wi; Ag, Bi; M)||7]
=E.n(0.1) [@Iv;/ﬁ(wﬁ Ay, Bi; M) - Vi L(Wy; Ay, Bi; M)

1 > Y E[VwLWil(e,y) Vip LWl (2, 2))]

~ JM2N2 A
(z1,y1),(z2,y2) EMIKE, SN

Specifically, if v and v are two independent vectors, then we have

t, T T T
E. [zzz (O zj] =uv”,

when ¢ # j and
E., [zlz uszTzz] =E, [z®4] (u,v)

3mn
= Sym(1®?
I Sym(17) (0, 0)
__mn uTol + mn wol.
mn + 2 mn + 2

Therefore
E.ono,0) [Viy LW Ay, By M) - Vi L(Wy; Ay, By M)

L N-1 2mn
=g 2 - )
MPE s mmmen. N Nimn+2)

x E[(zi2] Vw LWe|(21,91))) (22] Vig LWe|(22,2)) "]

+ N 73 LWLV 1) (VR L0Vl 2, 32))]

Note that when (z1,y1) # (22, y2), we have
E[(Vir LWl (z1.91)) T (Vig LWl (@2, 92)))]
= VwL(Wy; Ar, Bi; M)V, L(Wy; Ar, By M),
and when (z1,y1) = (22, y2), we have
E[(Viw LWl (z1,91)) " (Vi LWl (@2, 92)))]
= VwL(Wy; As, Bi; M)V iy LW Ay, B M)+,
M

then we get
1 N .
™M > E[(Vw L(Wel(z1,92))" (Viy LW (22, 32)))]
(z1,y1)(w2,y2)EM

= VWL(Wt, At, Bt)VJVE/E(Wt, At, Bt) =+ Z
M
Summing these terms yields

E[(Vw L(Wy; Ay, Bi; M) (Vi L(Wis; Ay, Bi; M)

mn
- (1 + N(mn+2)> <VW£(Wt,At,Bt)VW£(Wt,At,Bt M|Z>

mn A 1
e § s Ay, B + —— ..
From above, we obtain
- 2 mn+ N —1 - 9
E[HVWE(Wt;At,Bt;M)HF] = — N ]E[||VW£(Wt;At,Bt)||F].
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C.5 PROOF OF LEMMA[4.8]

Proof. By the triangle inequality, we obtain
IVw L(We; Ag, Bl < [Vw LW Arga, Bra) — Vw L(Wi; Ag, By
T IVw L(W; Ay, Bega) |-
By the Mean inequality, we have
||VW£(Wt§AtaBt)H% < 2[|[Vw L(We; Aptr, Begr) — VWg(WtJAuBt)H%
+ 2|V L(Wi; Arsr, Bis) |-
Combining the updata procedure 2] with Assumption [4.T] we have
[VwL(We; A, B3 < 2L2,,1[Avs1, Biga] — [As, Bll% + 2l Vw L(Wi; Asr, Bes) |7
= 2L3ua77%3’A||@BA‘C(Wt§ Ay, B3 + 2| Vw L(We; Arga, Bega)|| -
Forafixed 0 < npa < i, where Liax := max(Lpa, Lw, Lqua), the above expression reduces

max

to:

L2 .
[VwL(Wy; Ay, By)|| 7 < 2 ( S|V paL(Wy; Ay, By) |3 + ||VW£(Wt;At+1,Bt+1)||%> .

2
Lmax

Fixed L2,,, > 2L2,,. then the gradient norm of Algorithm satisfies

[VL(Wy; A, BOIIE = [Vw LWy A, Bl + IV BaL(We; Ag, By) |7

L2

max

L2ua
<2 ( I\ V paL(We; Ay, By) |7 + |VW£(Wt§At+laBt+1)||%>

+ | VBaL(Wi; Ay, By) |

L2

max

L2ua
< <1+2 d >||VBA£(Wt;AtaBt)”%*+2VWAC(WtQAt+1,Bt+1)”%

L2

max

L2ua
< <1+2 1 > (HVBALZ(Wt;AtaBt)”%‘+ ||VW£(Wt;At+1th+1)H%)

L 2
<2 (1 722 ) (IVoL0i: As Bl + [V £V v, Ber) ).

max

O

C.6 PROOF OF THEOREM[4.9]

Proof. We start from L-smoothness and use equation equation [2and equation i}

LWiy1; Agrr, Beyr) < LWis Ag, By) + (Vw LW Agrr, Bega), Wepr — Wa)
+ (VBaL(Wy; A, By), ([Bis1, A1) — [Be, Adl))

L L
+ =5 (11Berr, Ae] = [Be, A1) + =5 [ Wesr — Well3

< L(Wi; Aty Br) — mw (Vw L(We; Aeyr, Biy), Ve £L(Ws; A1, Begr))
—nBa(VBaL(Wy; A¢, Bt), VaL(Wy; A¢, By))
L
+ %WQBAHVBAL(WU As, B)||%
Ly

+ TWIQ/V\WWL:(W}; Apy1, Biy1)|| 3
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Taking conditional expectation and combining Lemma[.6] Lemma[4.7} we have
E[ﬁ(WtH; At+1» Bt+1)|(Wt; Ay, Bt)]
< L(Wi; Aty By) = nw |[Vw L(We; Avrrs Beyn) |5 = n8alVaL Wi Ay, By) |7
L L .
+ %AU%AE[HVBA‘C(Wﬁ At, By)lIF] + TWn%/vE[HVWE(Wt%AtHa Bei1)ll7]
< E(Wﬁ Ay, Bt) — Thmin (||VW£(Wt§ Agta, Bt+1)||% + ||VBAE(Wt; Ay, Bt)H%‘)
LBA 2

+ TnmaxE[HvBAL(WﬁAta By)|7]

Ly o mn—i—N—lE

+ =5 Mmax N IVw LWy Arga, Bega) 7).

Subtracting £* from both sides of the inequality and using Assumption[#.2] we have
E[L(Wit1; Avyr, Bey1)|(Wi; Ag, By)| — L*
< LWy A, By) — L = tin ([Vw LWy; A1, Bev )| F + [VBAL(Wy; Ar, By)||7)

L
5 i [200(L(We: Ap, B) = L) + 51|V aL(Wi: Ar, Bo) 7]

Ly o mn+N-1

+ 5 Thnax N [200(L(Wy; Apir, Begr) — £%) + Bol|[Vw LIOWy; Apgr, Beyr) |1 7] -

Using the Assumpiton[&.1] we have
LWi; Apyr, Beyr) — L5 = LIWy; Apgr, Beyr) — L(We; Ag, By) + L(Wy; Ay, By) — L7
SAVBaLWy; Ay, Br), ([Bitr, Aea] — [Be, Ad))
L
+ =5 Brir Ave) = [Be, Ad 5+ L(Wis Ar, Br) — L.

Define 6;41 = E[L(Wiy1; Avi1, Bey1)|[By, A¢]] — £* and combining the above equations, then we
have

St+1 < 8¢ = i (IVwWLWe; Argr, Bie)||F + IVBaL(Wy; Ae, By)||7)

1
+ o1 LpaTiay 0t + §LBA7712nax51||VBAﬁ(Wt5 Ay, By)|l%

mn+ N —1
+ OéZLWn?naxT (L(Wy; Apgr, Beyr) — L(We; Ay, By))
mn-+ N —1 1
+ OéQLWnrQnaxTét + 562Lwn?naxllvwﬁ(Wt; Apy1, Bl

mn—|—N—1)5t

< <1 + OélLBAn?nax + O42[/‘/‘/7712113‘)( N

min 1 mn + N —1
o (2252 = LoD ™) VWL Acrr. B
min 1 mn+ N —1 L
— Mmax (17 - §LBA771%1axﬂl - a2LW"7r2nax+ <_77min + ]23A7712nax>)

X | VBaL(We; Ag, B |-
Combining the above equations, we have

1
2000 Tmax (IVw L(We; A1, Bed) 17 + IVBAL(We; Ay, By)||7)

mn+ N —1
< (1 + a1 Lpania + QQLWn?naxN) 0 — Or41,

where 7 satisfies

Nmin 1 5 mn+N-—1 1
— L 2
T 22 T Ty 2000
Tlmin 1 2 Lpa 9 1
——L - L max | —7/min 5 'lmax 2
o 2 BANmaxP1 — a2Lwn ( Mmin + 5 2000
Lpa
—Tmin + 2 7712nax < TImax
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i.e.

N 1000V 4 >

max g i ’ ,
n min (100062Lw(mn + N —1) NB1Lpa+2asLw(mn+ N —1)" Lpa

N-1\""!
Let fix p_; > 0 and define p; = p;_1 (1 a1 Lpant, + agLannaan—:\f> for all
Dt

nm ax

t > 0. Multiplying by , we have

% (IVwL(Wy; Agir, Besa) |3 + IV BaL(Wes A, Be)|| %) < (pr—10¢ — pedeya) -

Summing up both sidesas ¢t =0,1,2,--- ;T — 1, we have

T-1

Z % (||VW£(Wt;At+1aBt+1)”% + ||VBA£(Wt;Atht)H%)
t=0

< (Pe=10t — peit1) < p—1do.

T_1
Define Pr = > p; and we have
t=0

T—1 T-1
Pr=> p =Y min{popi, - ,pr1}=Tpr
t=0 t=0
_ Tp_q
= =
mn+ N —1
(1 + alLBAT)IQHax =+ aQLWnrzrlaxN>

Dividing both sides by Pr we have
min B[ Vw L(Ws; Arr1, Bea) |7 + [V BaL(Wes Ar, Br) 7]

0<t<T —
T-1
1

< By Zpt (IVwWL(Wy; Aty Bea) || + IV BaL(We; Ay, By) |1 7)
=0

P—100
b nmaxPT '

Using the fact that 1 + x < exp(x), we have

T
mn+ N —1
(1 + o1 LpanEia, + aszﬂfnaxN)
N -1
< eXpT <a1LBA77r211ax + QQLWnlzr]axTrm—’—Jv>

<exp(l) <3,

where the second inequality holds because fmax < /N/ (I'(Na1Lpa + asLw (mn + N — 1)))
by assumption. Combining the above equations, we have

; 3(L(Wy; Ag, By) — L*
Ogﬂlg_lE[HVWﬁ(Wt;At+17Bt+1)H%+ IV 5AL(W:; Ay, By)ll7] < cat OTJmZXTO) )

By the Lemma[.8] we have
IVL(Wy; Ay, Bepa) |17

Lpa

2
<2 <1 + ) (HVBA»C(Wt;Atht)H%" + ||VW»C(Wt§At+1>Bt+1)H%) .

max
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Taking expectations and minimizing over ¢ on both sides of the inequality, then we have

min E[HVC(Wt;At,Bt)HH

0<I<T—1
. Lpa\®
<o 2 (14 222 ) (B [I9maeve a s ] + 8 [0 e0vi A B
61 + T2 2(£(Wo; A, Bo) — £°)
g max

Nmax 1|

D USE OoF LLMS

LLMs are used for grammar checking and language polishing.
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